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ABSTRACT 

Translational addition theorems for spherical vector wave functions 
have been derived in a reduced form.  The reduction has been accomplished 
by the use of formulas relating the coefficients that arise in expansion 
of the product of two associated Legendre functions.  These addition 
theorems should be useful in those cases in which spherical vector wave 
functions are used where the distances of bodies and sources are separ- 
ated by the order of a few wavelengths, 

1,    INTBODUCTION 

When electromagnetic waves interact with spherical bodies, it becomes 
desirable in many problems to expand the fields in terms of spherical vec- 
tor wave functions.  If several spherical bodies are involved and if the 
radii of curvature of the waves are appreciable at the positions of the 
spherical bodies, it is helpful to have addition theorems for the wave 
functions. 

Such addition theorems have been obtained by Stein (ref 1).*  As given 
for the case of coordinate translation they are not in the most desirable 
form, in that the coefficients involved consist of several terms each.  Al- 
though these coefficients were not reduced, it was stated that certain re- 
cursion formulas might be useful. 

It turns out that in addition to two recursion formulas (C-ll) and 
(C-12), which?sfere considered most useful, four other formulas are required, 
two of which are of the recursion form; the other two have a quasi-recurrent 
form, as shown in equation (C-7) and (C-8).  These formulas have been obtained, 
and the coefficients reduced to one term each.  Moreover, the derivation 
of the addition theorems has been made in a straightforward and rigorous way, 
by making use of the orthogonal properties of the angular functions and of 
the vector wave functions. 

For the case of coordinate translation the following addition theo- 
rems have been obtained. The vector wave functions on the left-hand side 
of the equations refer to the original set of coordinates, while those on 
the right-hand side refer to the translated coordinates.  Accordingly, 

oo    v 
- mn        mn = 1    I Theorem I:m=)     ^(Am   +Bn 

mn   i_ {__,    \ (j,v    fj.v J1V 
V=0  [j= -y X-M,v 

oo    v 

Theorem II:  n 
mn 

Ly'-mn _       mn _  N 
>  ( A  n   + B  m   ), 
/ >    \ Liv        M-v / 

V=0  n= - v ^"^ 

3fe 

A list of references appears on page 30, 



where 

mn mn      ~— m-jj 
A =(-1)^ )  a(m,n|-(a,v|p) a(n,v,p) z (ka) P   (cos 6 ) exp [ i(m-|j,)(|l J , 
H-v      „ P 

B  =(-l)M'+1 Va(m,n|-|j.,v|p,p-l) b(n^V,p) z (ka) P   (cos © ) exp [ i(in-|i)4 ] , 

^ p P 

a(n,v ,p)=iV   X2v(v+l)(2v+l)+(v+l)(n-v+p+l)(n+v-p)-v(v-n+p+l)(n+v+p+2>J/ 

[2V(V+1) J, 

and 

(ii;,V;p)=i
V+P~n[^n+V+P+1)(v-n+p)(n-v+p)(n+v-p+l)j*(2v+l)/i;2v(v+l)j . 

The other coefficient rdciöTS   are given explicitly in the text. 

2.  SPHERICAL VECTOR WAVE FUNCTIONS (ref 2) 

Divergenceless solutions of the vector wave equation, 

W C - V x V x C + k2 C = 0, (D 

are the two vector wave functions M and N.  The relations between these 
two are 

k N = V x M (2) 

k M = V x N. 

In spherical coordinates, M is given by the formula 

i =V x rf , (3) 

where r is a radial vector, and \jr is a solution of the scalar Helmholtz 
equation, 

V2 f + k2 y = 0. (4) 

By means of vector identities, formula (3) can be put in the alternative 
form, 

M = Vf x r, (5) 



since Vx  r = 0._    Omitting  the   time  factor  exp  (-imt),   the explicit 
expressions  for M and  N respectively  are   (ref  3): 

z   (kr)   P     (cos  9)   exp   (im(j))   1 

and 

mn     sin 9     n n 

dPn z   (kr)  ——-  (cos   S)   exp   (im(j))   ij 

—         n(n+l) .,    .   „m   , „- ,     x. 
n     _  —__  z   (kr)   p     (cos  Q)   eXp   (lmd)j   i 
mnkrn n ^ ~       r 

krar   [r   Zn(kr)J   "gi   (cOS   9)   exp   (im^)   ^ 

+ krf^r9 fc [r zn<kr)] pn (cos 8) exp (lm^) H '    (6) 

where z (kr) stands for any of the radial functions. 

3.  VECTOR WAVE FUNCTIONS UNDER COORDINATE TRANSLATION 

If the translation as illustrated in figure 1 is made, then 

r = a + r   . (7) 

With this value of r,   we have 

M = V$ x a + ^ x r (8) 

Since the gradient of a scalar quantity is invariant to X. transforma- 
tion of the coordinate system, then we may regard V\jf as being expressed 
in terms Of the coordinates of the second system.  As can be determined 
from figure 1, 

a = a(i  sin 6  cos (t)  + i  sin 9  sin (t)  + i  cos 9 ) .  (9) 
x      o     ^y      o     Toz      o 



Figure 1.  Coordinate translation 



Consequently, we have 

M = a(sin  9     cos 6 VSIr   x   i + sin 9     sin 6   ^Ur x   i     + cos   9 V^x  i   ) 
o 'o'^x o 1oTy oz 

+  V\|r x r1   . (10) 

The unit vectors (i , i , i ) in terms of the unit vectors in the 
second spherical coordinate system are 

i  = i   sin 9, cos (tL + i„  cos 9, cos (t), - i± sin (b, 
x ^      1    Tl   9      1    Tl   (j) Tl 

i  = i   sin 9, sin Q, + i„  cos 9, sin $, + i,  cos US, 
y    r.      1     "1    9       1     Tl    (j),     Tl 

i  = i   cos 9, - i„  sin Ö, 
z    r       19       1 

If in equation (B-l) we put 

A(p,v)   =   (-I)11  i 2L i     a(in,nl«-|i,V |p)z   (ka)   P        (cos  9   )   exp   Fidn-ijJCJl        , 
m-p, 

P 

where   the     a(raJn |-|j.V | p) ' s:—arjTe   obtained   in  appendix  A,   then 

oo   v 

f  = y \    A(|j,,v) J (kr^^) P (cos 9^^) exp (ifj.^) 

v=0 ia= -v v 

(12) 

(13) 

Using this expression for iff, we obtain, in view of formula (5), for 
the last term of the right member of equation (10), 

oo   v 

V \jr x r = )     )A(n,v) m   , 
l   L-,        /__ ' |j,v 

(14) 

v=o n» -v 

where m  is expressed in terms of functions of the second coordinate 
system.    By using the orthogonal properties of the angular functions 



and  of  the vector wave   functions   (appendix D) , it  can  be  shown   that 
the  other  vector quantities  in equation   (10)   are 

where 

and 

oo v 

V^xi     =) JiU'     m     + b'     n      ) 
x        ^—-       Z-_     nv    i-iv      M-v    |-iv 

V=0      |J.=   -V 

oo v 

V^x  i     = y        Y  (a"     m       + b"  n     ) 
y       *—■        i—•       |av    |J,v HVM.» 

V =0     |j.=  -V 

oo v 

V\k x   i     =   Y" )        (a"'   m       +  b'"'   n     )   , (15) 
z        ^—■ t—' MV     M-v M-V     |-lv 

V=0 |J=   - V 

12^1 [A(M-l,v-l)-(v-|J.)(v-H-l)A(ia+l,v-l)] 
|1V       2V(v+l) 

p.v    2v(v+l 

~£  [(v+n+2)(v+n+l)A(u.+lJv+l)-A(|j,-l,v+l)]| 

)   /2^1   [A(M--1^v-l)+(v-|a)(v-^-l)A(ja+l,v-l) J 
-ik       \   v+1 

a       = — 
|J.V       V 

7~   [(v+n+2)(v+M.+l)A(n+l,v+l)+A(n-l,v+l)]> 

k        ] (v+l)(v-M,). , T .       v(v+n+l) . , ,. ) 
(^iy|     2v-l     H;A<^V-l)   +     2v+^     ;A(n,v-H)j   , 

i _4 v        r 1 
b|JV=  2v( V+1)   [<V-n)(v+|a+l)     A(|J,+l,v)   +  Adl-ljv)] 

büv=^(v+l)    [(V-^(V^+1)     A(^1,V)   -  A(^l,v)] 

„i       iku       ..       . b     =     ,     -,\   ACu.v) |J.V     JV<V+1) ^> 

(16) 

(17) 

10 



The vector wave functions m  and n  are expressed in terms of func- 
tions of the second coordinate systfeiS. 

4.  REDUCTION OF TRANSLATIONAL FORMULAS 

In reducing formula (10), we may, by using equation (15), set 

A  = sin 9  cos 6  a'  + sin 6  sin 6  a"  + cos 0  a'" . (18) 
\XV O T0|J,y O ^(iy OJiV 

Using equations (12) and (16) with equation (18), we can write 

A|IV ^ U-1)^"11-1 k exP ji(m-|a)(jlol/[2v(v+l) ||/_ a  P   (cos 0^ 
m-|j. 

P 

(19) 

where 

a = 
P 

(p+m-|a+2)(p+m-n+l)  a(m,nj -|J+1, v ~11 P+1 

+ (v-^Xv-H-l)  a(m,n|-|j.-l,v-l | p+D 

-2(v-p.)(p+m-p.+l)  a(m,n|-|i,v-l 1 P+D 

(v+l)iP+12  . (ka)/(2p+3) 
p+1 

(p+m-|a+2) (p+m-|j+l)     a(m,n|-(j.+l,v+l ]   p+1) 

+(v+|a.+2)(v+|a+l)    a(m,n|-|j.-l,v+11   P+D 

+2<v+|i+l)(p+m-n+l)     a(m,n|-|j., v+11   P+D 

V iP+1z     .(ka)/(2p+3) 
p+1 

(p-m+|a-l)(p-m+)j.)     a(in,n |-|i+l ,v-11   p-1) 

+ (V-|JO(V-U-D     a(m,n|-|ji-l,v-l I   p-1) 

+2(v-|J.)(p-m+iJ.)   a(m^ij-|a.,v-l |   p-1) 

(v+Di^z     1(ka)/(2p-l) p-1 

11 



j (p-m+n-DCp-m+ji)  a(m,ii|-|a+l,v+l| p-1) 

+(V+|a+2)(V-|j+l)  a(m,n|-n-l,v+l| p-1) 

-2(v+n+l)(p-m+n)  a<m,n|-n,V+l| p-1) 

ViP~1z  1(ka)/(2p-l) p-1 

(20) 

If we use the recursion formulas (C-10) through (C 13), we can write 

i(V+l)(n-V+p+l)(n+V-p)-v(v-n+p+l)(n-i-v+p+2) j z   (ka) 
p+l' 

■PH 
;+[v(n+V-p+l)(n-v+p)-(v+l)(n+v+p+l)<V-n+p) I z _ (ka) 

iP+1 a(m,n}-|i,v|p)/<2p+l) . (21) 

It can be shown that the coefficients of the radial functions z (ka) 
are equal.  Making use of the appropriate relation between the radial 
functions, we obtain 

= [(V+l)(n-v+p+l)(n+v-p)-v(v-n+p+l)(n+v+p+2) 

Thus 

Auv =  (-l^i^exp 

i     a(m,nl-p.,v |p)z (ka)/ka 

[i(m-n)<t»o] / [2v(v+l)aj pVa' P (cos 9o)z (ka). 

(22) 

(23) 

where 

= [(v+l)(n-v+p+l)(n-tv-p)-v(v-n+p+l)(n+v+P+2) J iPa(m,n |-n,V |p) . (24) 

If we denote the coefficients of the vector wave function m  by 

A   , then from equations (14), (15), and (20), we obtain 

A  = a A   + A(Lt,v) . 
UV      i^v     ^' 

(25) 

12 



Using the values of A(fi,V) from equation (12) and that of A   from 
equation (23), we obtain M-V 

mn        — m-^ 
A  =(-1)^ ) a(m,n|-n,v|p)a(n,v,p)z (ka) P   (cos 8o) exp [l(m-n)(|»o] 

(26) 

where 

a(n,v,p) = iV     I 2v(u+l)(2v+l)+(v+l)(n-v+P+l)(n+v-p) 

-v,(V-n+p+l)(n+Vfp+2) |/ [2v(v+l) 

For the coefficient of n  we may set 

B = a(sin 9  cos 6  b' + sin 9  sin 6 b"  + cos © b"') 
O       ' O   UV O       ' O  LtW O   UV 

M-V 

Using equations (12) and (17), we can write 

M-V 
/ (-1)^+1 iv-n+1 ka(2v+l) exp ji(m-|a)(t)o] / [2V(V+1)] 

L    r—    m-M- 
) b P  (cos e ) , 
Z- p  „       o  ' 

(27) 

(28) 

(29) 

where 

(p+m-|i+l)(p+m-|ji+2)a(m,n|-n+l, v|p+l) 

-(v-n)(v+|a+l)a(m;n|-n-l,v|p+l) 

+2|j.(p+in-|ji+l)a(n,n|-|j., v|p+l) 

2|j(p-m+n)  a(m^n|-p,, vjp-l 

+(v-|-t)(v+|j.+l)  a(mjn|-u.-l,v |p-l) 

-(p-m+fjL-l) (p-m+|i)  a(m^n 1 -\i+l, V | p-1) 

iP+1 z +1(ka)/(2p+3) 

iP 1 z  1(ka)/(2p-l), p-1 
(30) 

By using equations (C-14) and (C-7) and the appropriate relation for 
the radial functions, we obtain 

b = - |(n+v+p+l)(v-n+p)(n-v+p)(n+vp+Dp a(in,n||j,, vlp,p-l) 

ip+1z (ka)/ka. 
P 

(31) 

13 



Substituting  this  value  of b     in equation  (29),   we  obtain 

mn it-" m-l-1 

B       =   (-l)^*    )     a(m,n|-(x,v|p,p-l)     b(n,v,p)z   (ka)  P     (cos 9^   exp [i(m-|j)(^o J, 

P (32) 

where 

b(n,v,p)=  iv+p"n   [(n+v+p+l)(v-n+p)(n-v+p)(n+v-p+l)J^2V{-l)/t2v(v+l)] .   (33) 

5.     ADDITION THEOREMS 

In summary,  we  have  the  addition theorems: 

oo V 
%—        V       mn _ mn _ 

Theorem  I: m       =) /(Am       +Bn) 
mn       / £  |JV    I-LV Mv    \xv 

VT^t)     |a= -v 

CO v 
y\       mn _ 

) (A       n       + 
/    hv    ^v 

mn 
Theorem  II:        n       =) ) (A       n       +B      m) 

^o ^r ^  MV ^ 

where 

mn r-' m-|i 
A       =(-1)^   /   a(m,n|-|a,v |p)    a(n,v,p)z  (ka)   P     (cos  9   )  exp [i(m-ji)(|»   j, 

P ^J KJ 
\j.v p r p 

(34) 

mn r—' m-(i 
B       =(-1)^      )    a(m,n|->i,vjp,p-l)     b(n, v,p)z  (ka)   P     (cos© )   exp[ i(m-n)(|)    J , 

^v p p 

^(n,v,p)=iv+P"n [2v(v+l)(2V+l)-4<v+l)(n-v+p+l)(n+v-p) 

-v(v-n+p+l)(n+v+p+2)J/[2v(v+l)]    , 

and 

b(n;,v,p)=iV+P~n   [(n+v+p+l)(v-n+p)(n-v+p)(n+v-p+l)j2    (2vi-l)/[2v( v+D ]  . 

(35) 

1 

14 



APPENDIX  A 

COEFFICIENTS   IN EXPANSION OF   P"
1
  P11 

n     V 

In the a4dition theorem for the scalar spherical wave function 

(appendix B). there occurs the produce P  P  of two associated Legendre 
n  v 

functions in which the argument is cos fi.  For purposes of convenience 

it is desirable to express this product as a sum of terms in P 
Pv' 

where 

m = m + |j, and p is the summation index.  Formally^ the expansion is 

<pv= Z ä(m,nKv|p) ^ • ^'^ 
P 

The coefficients a(m^n| ji^ v| p) can be obtained in the following way. 
It is known that the integral of the product of three spherical harmon- 
ics over the surface of a unit sphere is given by (ref 4) 

2ir   w 

U Y   Y   Y ,  sin 9 do dd» 
mn  |j.v  m'p T 

r(2n+l)(2v+l)(2p+l)1^ 
L       4^ J 

l/n v p\ /n v P 

0 0 0/ Vm |j, my 
(A-2) 

where 

(9^) = (-1)S [(2^1;^:!J-']2P! (COS ö exp (isCJ)) , (A-3) 

and 

J1    J2    J3 

m1    m2    m3. 
(A-4) 

is the Wigner 3-j symbol (ref 5).  (An expression for the 3-j symbol 
is given at the end of this appendix.) 

15 



The product of two spherical harmonics of the form as given by 
equation (A-3) is 

v  (M) v  (M) = ^rf^ [^»^n^xn-mjrcv-j^lv (cos e) pu (cos e) mn     '1        nv     'T «TT L (n+m)!   (v+|a) ' J     n y 

exp   [i(m+(a)(j)J   . (A-5) 

Formally,   in  view  of expression  (A-l),   let  us  write  equation  (A-5)   as 

Y     (M,) y     -^  = iTj^     [2^(2^1) (n-mnCv-H).'^ [i(m+M)^ 
mn     'T       |av     ,T 4Tr L        (n+m);   (v+^i).' ' ^   L   ^     t*'TJ 

.    )__a(m,n|n,v|p)   P^   . (A-6) 
P 

If we  take,  where m'^-m-^x, 

We *> = (-i)^H)[^pg)(P!^);]V"-^cos e) exp [i(m^)4],    (A.7) 

noting that 

p"1""^  (cos 6)   =   (-l)"1^     ;p-m-^;     Pm^     (cos  6)     ,     (A-8) 
p (p+m+n):       p ' 

and  the  product  of  two  spherical  harmonics   as  given  by  expression  (A-6), 
we   find  that  the  left-hand member of  equation   (A-2),   which we  denote  by 

A   ,   is  given  by 

.      ,   , .m+n [ (2n+l)(2v+l)(n-m).'(v-|Jt) .' (p+m+|j.).'l , r   .      ,, .  QX A=  (-1)  j -, r-7—; CTT c—v ,/7r     V\     a(m,n  LI.V  p).   (A-9) «-     47r  (n+m).'   (v+|^) ;(p-m-|j) .'(2p+l) J '    '^'   |r 

Upon setting this equal to the right-hand member of equation (A-2), we 
find for the coefficients:' 

r 1 
,        l.l-,/   TyUn+l-t   /o     TN        (n+m) ;(v+|a) .'(p^-m-jj.).'      Is        . . 

a(m,n u;y p)=  (-1)     ^  (2p+l)       —; rr^  —\-r?  —TT        '  (A-10) 5    '^^    ' L      (n-m).'(v-|a)! (p+m+ji) !.l 

n  v  p\   /n  v p 

0  0  0/    \m  [i -m-n 

16 



The conditions that the indices must satisfy are 

p < m+|j, < p (A-1L) 

-v| < p < n+ v (A-12) 

and 

(n+v^-p) even. (A-13) 

If (m+|i) does not lie in the range as given by expression (A-ll), then 

P^ vanishes; also, if p does not lie in the range as given by expres- 

sion (A-12), then the coefficients a(in,n[ |i., v|p) vanish.  Furthermore, 
if condition (A-13) is not satisfied, the Wigner 3-j symbol 

/ Jl   J2   -'S 

\0     0     0^ 

vanishes.    The Wigner 3-j symbol is defined as followsr 

Jl     J2     ^3^ 

mi     m2     m3' 

=   (-1) 
JrVm3 

(2J3+l)(J1m;LJ2m2|j:LJ2J3   -m3)    , (A-14) 

where 

(J1
m

1J2
m

2|j1J2J  m)   =S(m1+m2,m) 

F (Sj+DCj^jg-d ) [ (J:L-m1) .' <J2-in2) '■ (j+m) .'(j-m) • 

[(Jj^+Jg+J+D !(j1-j2+j).'(-j1+J2+J).'(j1+m1).
, (o2+m2) 

l 
12 

I (_1)s+j1-in1 

s: (.^-iiij-s) ,'(j-m-s).'('j 2 - j +m1+s ) .' 
(A-15) 
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APPENDIX B 

ADDITION THEOREMS FOR SCALAR SPHERICAL WAVE FUNCTIONS 

In this appendix, the addition theorems for the scalar wave func- 
tions will be listed, with appropriate limits, since they have been al- 
ready derived (ref 6).  The addition theorems given here are for the 
case of coordinate translation Illustrated in figure 1.  The more cor- 
rect forms for the theorems (ref 7) are 

z (kr) 
n 

P (cos 9) exp (imd)) 
n ' 

oo  v_ 

(-i) 
U .v+P-n ,   |    r , 
•* 1  r  a(m:,n|-[a,v|P) 

V=0  )j,= 

(B-l 

j (kr,) z (ka) P^cos 9.) Pm~^icos  Ö ) exp [i (m-nXJ), lexp (i^^) 
VlP       V       J-n O        ■•        ' !•' ' 1 

r  < a    (B-l) 

11 
v=0  n= -v P 

, n . H .v+p-n  ,   1    | . 
(-1)^ i     a(mJ,n|-|j.J,v|p) 

Jv(ka) Zp(krl) 
iP-, o"1-^/ PfJ'(cos 6 ) P'" ^(cos 0 ) exp [i(m-n)(j) ] exp (in(j) ) ("B-; 

r  > a (B-2) 

The symbol z (kr) stands for the spherical Bessel, Neumann, or Hankel 
(first or second kind) function. It can be shown that either (B-l) or 
(B-2) may be used for z (kr) = j (kr) without restriction on the rela- 
tive size of r-'and a. 
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APPENDIX C 

RELATIONSHIPS INVOLVING THE COEFFICIENTS IN THE EXPANSION OF a(m,n[^, v[p) 

For the reduction of the coefficients involved in the addition theo- 
rems, it is necessary to obtain formulas simplifying various groupingä of 
the a(m,n||j., v|p)'s.  It so happens that :some of the symbols and formulas 
of group theory are quite fitted for this purpose. 

From group theory there is the relation between the 3-j symbol  and 
6-j symbol (ref 8): 

/Jl 

m,  m"  m„, 
1  2  3 

Jl J2 J3 

4  4  ^3 

W^V^c 
> = (-1) 

^1 ^2 ^3 

where 

^1 h     J 3 \ 

m1 m2 m3 ; 
and 

' "^1 ^2     ^3 

A 4 4 
(C-l) 

are respectively, 3-j and 6-J symbols.  If them's are given special 
values, then the following recursion formulas are obtained: 

FORMULA I (ref 9) 

[ (J+l)<J-2J1)tJ-2J2)(J-2J3+l)]2 

"Jj o2 J3S 

m1  m2 m3. 

*  -2m2 f<J3-MB3)(J3"m3>:j! 

J2 J3-^ 

^1  m2  m3 

19 



- f ( Vm2) (J2-m2+1) (j3-5n3) (JS-^-1) J* 

+ r,(J2-m
2HJ2+m

2+1)<d3+n'3)(J3+m3-l);|* 

FORtflJLA  II 

\   =  !'   ^=J3+1>   ^=j2 

[(J-2JI+1)(J-2J2+1)(J-2J3)(J+2)J2 

/J1     J2       J3  1\ 

Vnll     V1  m3+1' 

/Jl     J2        J3-r 

Vmi     m2+1  m3"1 

/ Jl     2Z     J3,' 

= -2in2   [Cjg+mg+lXjg-nig+l)]' 

vm1    m2     my 

Jl     j2     J3+lN 

12       3 

(C~2) 

+ t (J2+In2) ,:j2~m2+1) <-:i3+m3+1) (J3+m3+^F 
^1     ^2 J3+1 

vm1     m2-l     m3+l 

^ 

20 

f(J2-m2)(J2+m2+l)ü3-m3+l)(J3-m3+2)] = 
'Jl     J2 J3+1\ 

,m1    m2+l    mg-l. 

(C-3) 



FORMULA  III 

[(J-2j2) ( J~2 j2-lXJ-2 j3+l) ( J-2 j3+2)] 2 
l    Z"3!     J2     J3 

\in,      m_     in„ 
12        3 

2[(j3+m3)(j3-m3)(J2+m2+lXj2-^l2+l)]• 
'h     J2+1     Js"1 

^1     m2 y 

+ [(J3~m3HJ3"nl3~1) ^a"^-1"15 ^Z'™?*2^ 

/J1 J2+l Jg-^ 

vm      lno-1     mo+1/ 

+[<J3+m3)(J3+m3-l)(J2+m2+l)(J2+m2+2)]2 
/JL   J2+l     V1, 

FORATOLA  IV 

vmi     m2+1     "V1 

(C-4) 

4- = J3-1, ^a"1 

CJ(J+1)<J-2J1)(J-2J1-1)] 

/J1     J2     J3\ 

Mn1     m2     m3 

=   -2[(J2+m2)<J2-m2)<j3+ln3)(J3"m3):!2 

^mi     m2 m3 

21 



1 //J1  ■j2-1  Ja"1' 

+ ^J2+™2>Cj2+'n2-1)Ö3-m3)(J3-m3"1):,2 

'^1 V1    V1' 

+r(J2-ni2)(J2-m2-l)(J3+in3)(J3+m3-l)j
3 

\m1 in2+l  m3-l. 

(C-5) 

FORMULA V 

4 = 1,   4  = j3+l, ^ = j2+l 

[(J+3)(J+2)(J-2J1+2)(J-2j1+1)]
2 

J1     J2  J3 

mi  m2  % 

-21 <J2~m2+1 ^ ( J2+m2+1 ^ (-^ 3"m3+1 ^ ( J3+m3+1 ^ ^ 

+ [<J2-ni2+l)(J2-'m2+2)(J3+m3+l)(J3+in3+2)]
a 

'J1  J2+l  J3+l 

ral  m2 

J1  J2+l  J3+l 

m1  m2-l  m3+l 

■[(J2+m2+l)(J2+m2+2)(J3-m3+l)(,J3-ni3+2)]' 

j2+l  J3+I 

m1  m2+l m3-y 

(C~6) 

In all formulas,  J^, + j  + j , 

If in Formula III, columns (2) and (3) are interchanged, then it will 
be observed that with formulas IV and V there are four cases in which the 
sums of the j 's in all 3-j symbols are even or odd simultaneously.,  With 

22 



formulas I and II this does not occur; here when those in the right members 
are odd, the sums of the j's in the left members are even and conversely. 
These facts will show in the relationships between the atm^n | |j,, v|p)'s  based 
upon these formulas, that there will be four pure recursion formulas with 
the other two involving "hybrid" terms which are closely related to the 
a(m,n]ia,v|p)'s in form. 

By giving the j's and the m's special values and multiplying by the 
appropriate factor, as is evidenced from the form of the a(m,n j|j., v ] p) in 
appendix A, we obtain the following relationships: 

Case I 

In formula I, let 

S1  = n,  J2 = v, J3 = p 

m = m,  m2 = y-}   mo - ~m~\1} 

then 

(2p-l)[ (n+v+p+l)(v-n+p)(n-v+p)(n+v-p+l)]2 a(m,n||j., v|p,p-l) 

(2p+l)[(v+|_i)(v-|j.+l)a(m,n||j,-l,v|p-l) 

•(p-m-|a)(p-m-|j.-l)a(in,nl|i+l,v jp-1) 

-2|i (p-m-|^)a(m,n||i, vlp-1) ] . (C-7) 

Case II 

In formula II, let 

J-, = n, j  e-y, j  = p 

m = m, m = p., m = -m-n. 

then 

(2p+3) [ (n+V-p)(n-v+p+l)(v+p-n+l)<n+wp+2)]2 a(mJn| fa., vlp,P+l) 
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=  (2p+l) [(p+m+p,+|a+l)(p+m+|i+2)a(m^n|]a+l, v|p+l) 

( V+M.) ( V--H+1)a(m, n [ |j-l, v| p+1) 

-^(p+nH-n+^adn^nlij^vlp+l)]      , (C-8) 

where 

aim,n\\x,v\p,cO =  (-1) 
m+ij. (n+m) J.( y+p.) .' (p-|a-m) .' 

(n-m) .' ( v-y.) .' (p+|j.+m) .' 
(2p+l) 

V      p \      /n       v      q 

sm      M- -m-|j, /       \0        0       0 

Case  III 

In formula III^ let 

Jl = ri'     ■;i2 = V~1?  ^S = P 

m1 = m,  m2 = p.  ,  m3 ^ ~m~M-^ 

then 

(2p-l) (n+v-p) (n-v+p+l)a(m^n | mv-l | P) 

(2p+l)[2(v-lJ.)(p-in-ia)a(m,n|)a,v |p-l) 

-(v-|j.)(v-M.+l)a(m^n|ij.-l, v|p-l) 

<C-9) 

-(p-m-M.-l)(p-m-ij,)a(m,n||j,+l:, vl?-1)] (C-10) 
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Case  IV   (ref  10) 

In formula  IJI,   interchange  columns   (2)   and  (3)   and  let 

Jl  = ^     J3  = v+ 1'     J2 = P 

then 

ml  = m-     m3 :=  ^^ (I2   a   -m-|l_. 

(2p+3)(n-v+p)(n+v-p+l)a(m,n[p,Jv+l |p) 

=   (2p+l)[   -(p+m+|j.+l)(p+m+u,+2)a(m,n | u+l,v|p+l) 

+2 ( v+n+l) (p+m+|a+l)a(m^ n | |a, v | P+l) 

-<v+n)(v+fi+l)a(m:,n||j.~lJv|p+l)]   . CO-ll] 

Case   V   (ref  10) 

In  formula   IV,   let 

then 

31  =  ^,     J2   ~ V   +  1'      J3  =:  P 

m     ~  m,     m     -  p.. m3  =  -m-|_i, 

(2p-l) (n+v+p+2) (v--n+p+l)a(m,n [ |j.,v+l [p) 

=   (2p+l) [ (p-m-|j.~l)(p~m-|a)a(m,nt)a+l,vip-l) 

+2(v+|j,+l)(p-m-n)a(m;,n[ia;, v[p-l) 

+(v+|j,)(v+n+l)a(m,n| |j,"l jV |p-l) ] . (C-12} 

Case  VI 

In formula V,   let 

"l   = m,     m2   ^  V 

1, jg    =    P 

in3 = -m-n. 
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then 

(2p+3) (v-n4-p)(n+\'+P'4-l)a(m,R||a,v"l jp) 

sCSp+l) f (p+m+p>f2}(p+w-^+l)a(m,n[p.+lsv|p+^ 

+2 ( v-|j.> C p+m+n+l) a (ja, n | n j v [ p+l) J . (C-13) 

In addition to the above relationships for the a(m,n | p,jV j p)'s ? there can 
be derived numerous recursion formulas based upon various recursion re- 
lations for the associated Legendre functions.  By using the relationship 
for associated Legendre functions^ 

0, [(l-n2)2 p^*1 + (v+u)(V-u+l) P!-t"'1-2un p^] p?1 

it can be shown that 

(2p-l) [ (p+m+|j.+l)(p+m+fj,+2)a;(m,n[^+l^v |p+l) 

-(•«l-f|j.)(\»-u+l)a(m,nj|j.-l5v I p+1) 

-2|j,( p+m+ji+l)a<m j, n [ (jyV [ p+1)] 

=i{2p+3)[ (p-m-fj.) (p~m~|.i"l)aXm,n| ji+l,v |p-l) 

-<v -J-j-iXv-iJ+DaCffl^njij-lj v[p~l) 

+2|j.<p-m-j_i)a(m,,n 1 p.;, v| p-l) ] 

Certain three-term  recursion formulas  are also   readily  obtained. 
From  the   relation 

ID 

(C-14] 

dP^ dP 
-I  CP"1 P^)   « Pm    -^ + Pi"1 •-£    , 
d©        n     v n       d@ v     de d-15} 

i 

and  the recursion  formulas 

dP 

de 
P 

m '+1 
n' -is; 

6 



HP 
nr         -m'n      mr raf-l 

~~ =  f- Pn,   +  (n'-^'+lXn^')   P^,        , (C-17) 
(l-T), ) 

one obtains   respectively 

a<m,nj^ |p)=a(nH-l,n| ^ v]p)+a(in,n|;(i+l^ v| P> (C-18) 

and 

<p-m-|a+l)(p+m+|_i)a(m,n||iJ v|p)=(v+|a)(v-n+l)a(in,n||i-l,v[p) 

+ (n+m)(n-m+l)a(ni-l;n[fj,, v|p) . (C-19) 

From (C-18) and (C-19) there can be obtained the formulas 

[(p+m+|a)(p-m-|a+l)+( v-|J.)(v+|j,+l)-(n+m)(n-m+l)] a(m,n||a^v [p) 

= (v+n)( v-|j.+l)a(m,n||a-l^ v|p) 

+ (p-m-|j) (p+m+n+l)a(m,n |p,+l, v| p) (e-20) 

and 

[(p+m+|a)(p-m-(i+l)6-n-m)(n+m+l)-(v+|a)(v-|-i+l)] a(m,n [p.^ v| p) 

= (n+m)(n~m+l)a(m-l,n||a, v|p) 

+(p-m-|a)(p+m+|a+l)a(m+l,n||j.J vjp) . (C-21) 
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APPENDIX D 

ORTHOGONAL  RELATIONS 

In  the expansion of vector qualities   in  terms  of  vector wave  func- 
tions,   various  orthogonal  relations   are  used.     For  the  divergenceless 
vector wave  functions we have  the  following relations: 

+1   ,2-n- 
f I      ™        •  r       y,A^~.      4Tr n(n+l)   (n+m)      r      ,,    ^   i' lira m       dOd-n = —s-—=  r—   Iz   (kr) 

J J mn mn     T    ' 2n+l (n-m).'   L  n •' 
•1       0 

,+1    ,2ir 

f f     n     •   n*     d^dTl    = -^-^ ^1 n(n+l) 
J J mn       mn     '     ' ,„_.-, \2   (n-m) .' 

-1       0 

•[< 

(2n+l) 

n+1   [z^     rkr)]2  + n [z     .(kr)]2 

+1    -2Tr 

)      m     *  n  ,   ,   d(l»dT} = 0. 
J mn       m'n'      ' 

-1       0 

CD-I) 

For  the  associated  Legendre  functions  the   following  relations  are  useful: 

-2(n -1) (n+m)! 
+1 

2 i 
(1-11)2 

SP
111
:

1
 ap: 

n' n       m(m+l)  ..m+l^m P   '.   PJdn = 
(2n-l)(2n+l)   (n-m-2) .' 

n=n-l 

98-       96  T 2    'n'   'n, 
' 2[(n+l)   -1]      (n+m+2)!     ._ 

(2n+l)(2n+3)      (n-m)! 
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/ 

+1 
n     . n' 

39    a e + •=- 

-1 
I-Tj n       n     1 

dt} 

2|;(n+l)  -1 ]    (n+m+1): 
(2n+l)(2n+3)     (n-m)r 

2(n -1) (n+m) .' 
(2n-l)(2n+l)   (n-m). 

n' =ii+l 

n'^n-l 

(D-2) 

+1 ^   - ^m „m -, 
I      ^.ni—i n n >. 

dt) = 

2(n+l) (n+m)'. 
(2nfil)(2n+l   (n-m).' 

2n (n+m); 
(2n+l)(2n+3)   (n-m). 

n'^n-l 

n=n+l 

-1 

?m+l 
n,' 

_   n 
,m _m 

mP 

-2(n+l) (n+m)I 

:i^ti2^ 
dTl = 

(2n-l)(2n+l)      (n-iii4^) .' 

-2n (n+m+2): 

n'=n-l 

(2n+l)(2n+3)      (n-m).' 
'=n+l 

29 



REFERENCES 

1. S. Stein, "Addition Theorems for Spherical Wave Functions," Hermes 
Electronics Co., Cambridge, Mass., Tech Report No. 1 under Nonr-2632(00), 
Hermes Electronics Report M-697; 15 August 1959 

2. J. A. Stratton, "Electromagnetic Theory," McGraw-Hill Book Co., Inc., 
New York, N. Y., ch. 7, pp 392-423; 1941. 

3. S. Stein, Ibid, p 4 

4. A. R. Edmonds, "Angular Momentum in Quantum Mechanics," Princeton 
Univfersity Press, Princeton, N. J., ch. 4, p 63, ch. 2, p 24; 1957 

5. Ibid, p 46 and p 44, 

6. B. Friedman and Joy Russek, "Addition Theorems for Spherical Waves," 
Quart. Appl. Math., vol 12, pp 13-23; April 1954! 

7. S. Stein, Ibid, pp 26-27 

8. A. R. Edmonds, Ibid, p 95 

9. A. R. Edmonds, Ibid, p 48 

10.  S. Stein, Ibid, p 33 

30 



DISTRIBUTION 

Office of the Director of Defense Research & Engineering 
The Pentagon^ Washington 25, D. C. 

Attn:  Ass't Director of Research & Engineering (Air Defense) 
Attn:  Technical Library (rm 3E1065) — 2 copies 

Department of the Army 
Office of the Chief of Ordnance I 
The Pentagon, Washington 25,   D. C. 

Attn:  OKDTU (GM Systems Br) 

Director, Army Research Office 
Office of the Chief of Research & Developwent 
Department of the Army 
Washington 25, D. C. 

Commanding General 
U.S. Army Ordnance Missile Command 
Redstone Arsenal, Alabama 

Attn:  ORDXM-R (Ass't Chief of Staff for R&D) 

Commanding General 
Array Ballistic Missile Agency 
Redstone Arsenal, Alabama 

Attn:  Technical Documents Library 

Commanding General 
Army Rocket & Guided Missile Agency 
Redstone Arsenal, Alabama 

Attn:  ORDXR-RFE, Dr. Woodbridge 

Commanding Officer 
Picatinny Arsenal 
Dover, New Jersey 

Attn:  Library 

Commanding Officer 
U.S. Army Signal Research & Development Laboratory 
Fort Monmouth, New Jersey 

Attn:  Communications Dept 
Attn:  Technical Library 

Department of the Navy 
Washington 25, D. C. 

Attn:  Chief, Office of Naval Research (Bldg T-3) 

Commander 
U.S. Naval Ordnance Laboratory 
White Oak, Silver Spring 19, Maryland 

Attn:  Technical Library 

31 



DISTRIBUTION (Cont'd) 

Commander 
Naval Research Laboratory 
Washington 25,   D. C. 

Attn;  Wave Propagation Br, W. S. Ament 
Attn:  Microwave Antennas & Components Br 
Attn;  Magnetism Br, G. T. Rado 
Attn:  Technical Library 

Commande r 
Armed Services Technical Inforna tion Agency 
Arlington Hall Station 
Arlington 12, Virginia 

Attn:  TIPDR (10 copies) 

U.S. Library of Congress 
Washington 25,   D. C. 

Attn:  Science & Technology Div 

National Bureau of Standards 
Washington 25,   !)„ C. 

Attn:  Library 

Boulder Laboratories 
National Bureau of Standards 
Boulder, Colorado 

Attn:  J. R. Wait, Consultant to the Director 

Dr. D. I. Mittleman 
Applied Mathematics Division 
National Bureau of Standards 
Washington 25, D, C. 

Director, Advanced Research Projects Agency 
Washington 25, D. C. 

Attn:  Chief, Tech Operations Div 

Mr. N. Karayianis 
Physics Dept 
University of Indiana 
Bloomington, Indiana (10 copies) 

Dr.   S,   Stein 
Sr. Engineering Specialist 
Applied Research Laboratory 
Sylvania Electronics Systems 
Waltham, Massachusetts 

32 



DISTRIBUTION (Cojit^d) 

Oklahoma State University 
Stillwater^ Oklahoma 

Ohio State University 
Columbus, Ohio 

Attn:  E. K. Damon 

Republic Aviation Corporation 
Scientific Research Division 
Farmingiflale, L. I., N. Y. 

Attn:  Dr. J. Herman 

Internal 

Hinman, W. S, ., Jr./McEvoy, R. W. 
Apstein, M./Gerwin, H. L./Guarino, P, A./Kalmus, B. P. 
Fong, L. B. C./Schwenk,   C. C. 

Hardin, 0. D., Lab 100 
Horten, B. M,, Lab 200 
Rotkin, I., Lab 300 
Landis, P. E./Tuccinardi, T. E., Lab 400 
Hatcher, R. D., Lab 500 
Flyer,-!,-JT./Lab 600^ 
Campagna, J. H./Apolihis, C. J., Div 700 
DeMasi, R., Div 800 
Franklin, P. J./Horsey, E. F., Lab 900 
Seaton, J. W., 260 
Sommer, H., 250 
Cruzan, 0., 250 (25 copies) 
Brinks, W. J., 240 
Griffin, P. W,, 240 
Jones, G. R., 250 
Jones, H. S., Jr., 250 
Morrison, C. A„, 250 
Nemarich, J., 250 
Prytulak, M. D., 250 
Tompkins, J. E., 250 
Godfrey, T. B., 400 
Kohler, H. W., 400 
Pepper, Wm. H., 260 
Technical Reports Unit, 800 
DOFL Library (5 copies) 
Technical Information Office, 010 (10 copies) 
Kaiser, J. A., 250 

(Two pages of abstract cards follow.) 

33 

L 



r 
oi   rt   rt   d 
r^     ^    S     CO 

l~ 

5 T vi                   a) 

B ^    i           o    --?   O   K 
B +* -H .c       a> 

W     O     Dj    ■*-•     ^    «   rH 

O    U   +-    C    ß   0    > e -^ at       0 -n a a 
ü s S  *J Ü   C  ^          W  V 

§ S S g 15 S 
=  «■ 

K 58 o a o 
&% 

n S- -. «5 
(0  J3  »M   m    to  ** SH 
t»          V  3   0          O 
rH    0    U  Tf   -M   h   h 

^      & 
J3   «   hi) O   3    V   0) 

n        -H   tn   Q)   9 -M 

tn g go gfiJ o  3 S^ 
rt -   sli-. 

m     .                     wa» 
s  e n «H -a c +J 
fl)     C    «    O   r-4     O    CO S £ 
O   *H    3  •*->   O   '«J   rt 1 E 

,3 ■*->    0)   O  "D           3   « 

o 
1 T-i          0)  X3   4»    »    » 

9 a u o   a ■o       a      +*  h u 
to to <S -<-•   4)   o   c   +»   d 

is ■o o o @ 
rt -o +*  c rt  «  « 

w        n O    >    >> -rl   .r*            'S 

+J   ^i        C tJ   rt   d a* 
u       ,c   K   a>  ^   a i ' SI rt   4)   'H          tp  ji   T) 

^    3 elg ^JI^S^JS 

i |  o 
öi 2 
+J     »    "M -P     0»   ^   r-( 

o   rt   ri   ö 
d * o 

r 

V                         • 
■* in                 a 

B >           M    W   Ä           v 

J3    I           O -rt   O   C 
«M 

(0   O   at   +*   »   10  <rt 

O    U   *J    C   C    Ü    > 

e S^ < O   O   ♦*         «!  +• 

«   m  -rt   ©        «   rt g 
a « a« 

■rt 

n ^ S^^JtS"^ • v a o     ja tt 

Ü s a -H       «      a a 
a- U   +J    It   *■'   B  42   %J 

M   irt 

« 1 o 
H    F-l 

IP   -O            O rH   V 
ä  ai t* o 3 » a> 

m 
■f ' .Ü s s ^^ 

m e Si S^5 o 9SJ& 
■rt ♦<    SHU", 
s ä a« (a    •                 too} 

s S »6 
O   «M    3   -^   O   ■<-•    « 

^ § ^ XI  C   3  w   C   » 
JS 

.H       •» o 
1 e irt  p   +» S S 0 „ S ä a 

u o  & < o" •d          9         -P   h    u 

M
ar

 
16

- 
R

e rt    O         4-1          Oh 
a •rt o o a +•  9 

11 ■a oSS rt  ■D   ■«-•   C  -H   4)   m 
CO)           O   -M   > 
O   >   >> -rt -rt         ■D 

-f   h         C tJ   rt   rt 

«To. to a  at -o  rt  ca u 
<-l   "U    4t    CU        -rt    to     . 

03   ^H W         A    M    «   h    0) 

3 € ^ ^y HS-iSti g>J8 

3    I el 11 

1 

o 

s 

8 

»    § 

^3 

§■ 

a ^ 

rt  Q 

«j 6 

5Ü 

in   m ä 
rt   d   u 

O  -rt 
+» rt jq 
!3   +J    * 
^  u 

^ §5 
«9  SH 
+» to 
c  o  a> 
4) M   Uli 

•H -o  rt 
u a a 

i -rt a 
i <H bo a> 
t <H IU  a 

«MO 

o > 
C rt rt » 
« > 

■rt 4> 
•a «H 

4) rt 

Ü 

o 

rrt      O      O    TP    +J     f^      tl 
rt -rt       a>       o  v 
-rt   U A   rt -rt   ^   h 

bfi o  9 a m « 

trt O    > 

l   rf O 

. SS.M 
i   in *M "O 
I      rf O r-H 
I    rH tf 
I   9 -H Q 

I   M 9 M 
i   O "O 
•  «rt 0 W 

I  *H CX S 
)   O «-" 
i a» 0 

a> J3 4) 
I n -p r. 

I    4} O (1 
^a o 

i +> d -rt 
» o ** &-. -rt rt 
i jj w -a 
i c -o 
' x> a <a 
'■   V o. 

,0 K 4» 
:   « 4> to 

4)    >i 
h.xr 

öi    0) 
a ■*-> 
O    rt 

g ft 

5 " 
4> U > rt 

(H     ü 

O     U 

Ü    O 

ti 4) 
4) rt 
J3   XI 

ißS'^ 

5d 
rt S 

i Ä 
I   o 4-1 
( -rt   o 

to O d -f p pH iH 
G » A   O fl> « 
O ü ^   fi ß u > 

■rt rt       n -rt d rt 
X io v« rt » 
a ä +> n -M 

a a> c « w n » 
9 o ai M n rt « 
M Ä rt tJ rt TJ *t 

O S « 
41 rt rt * V rt 
> rt »M « <p x; 
rt £3 vi a v +* *H 

» 41 -I O O 
A 4) 

I  -M ii h 
* 41 4). 
'   A 43 -o 
:  rt > h 

O 
I   r-f 13 

3 » 4J 
i <H n A 

Q) 3 +• 

SS. 1   r-l Q 
41 > «   (0 
14 +J Ä            T3 

;   W «H T3   H  *» 
i   rt o i-i   o  rt 

"I 
01   ß '41 

to %* 
E 

Ä r^ O 
CJ o o. 
h I « 
rt to (2 

sli 

O   "D   «M    a   4J    0) 

rt   c       «H 

-rt 4»   O 
•rt JS 
rt -o -M a ■ 
a 4)      o 
O   > >» rt  ■ 

ai 4) 
r-l X( 
n 
c a 
rt 4) 

TJ   ra   rt   U 

-c;   K   0»   »^ 
n   4)   (R   4> 

iP S^ J 

o 

to 

o 

■...'.■     ■   ■ :■■■'    ■■■■■■:        ■       ■    ■      "     '    ■   '■ ' ■■   ■   ' ■    '■   *     '■' 



r 
O    >   *>    nJ 

I    at 

1 

S8 

0 -H o S 
3  V   H Ä Ci 
;   rf  ♦-< s u r-i 
)  j^    U 4» » 
> ■*->  c ß u > 

3    m 
C «> 0) (0 > 
(U tl W H (P 

■H TJ tÖ T3 «H 
o c Ü 

oi   in  -H HI 4> <d 
>    cd   <H bD   (U A 

*           01 J 0 O 
(3   0 A<U 

r-t    0    U "O -M ^ »H 
cd   -H 41 V O 
o -»J  a) +J a j; -o 

■^   Ü  43 to -H » M 
N    El  +» -^ O 

^ a> be o 3 d) a) 
p. ^   ö ui «H m .c 
m        -H oi QJ i -u 

§ g 
M O 
O SH 
CD 

t3     O    rH 
n       J ■ 

S   ü  Ä 
HD« 
O  13 
•HOW' 

■^ a> o c 
r-4 A O 
Rt    -O *-< 13 -H 

O    > >i -rf -rt 

c; ä a o 

z v (fl                          0) 

e +* -^ ra         (d   ti   u <H   w 

§ 
■rt    rt          3  -H   (3   d 

O S's? Ü * f SS 
Q « SS «M  4 ^ -o   « S Ä 

0 
in 

g &s 
van 

d)    M   -H    d)           d)    (d 
>    «  'H    bfi  «  J3 

m g ^tc W   J3   *H    IB    M   +J   V( 
fk         «JO         O 

d 
W   r^ •H    O   (J  XJ  +J   ^   ti 

■*J a r-l   .-* O   •*-*   D   -M   0  43  "U 
>H    rH 

■H ■rt      ■ 

n rH    i-t A  « bo o s v a> 
* w 

+J 
n       -H  n  a»  3 ■*■» 

n 2 S g Sg^S o 3 SI- 
"     SÜJ8 -, 

i to    '                 mm 
*» S    C    rt    O   r^    O    (d 
b 1 g s d)       p  ü ^  o a 

J3  T3   fi   3   m   fl   0) 3 
a a      »-> e      ai 

o 

1 -H   tt)   o       b   >  a 
-H            Q)   Ä    ÜJ    »    tO 

S3 a y a- ■O           3         -w    »-,    ü 
S J,^ ■^    d)   O    Ö   +»   3 

•H          43          O    U   5 
^ 

S ^( 
•ä ogß 
i o CJ 

M ■H -H A ai -a rH  a 
TS a  v "a as  a u 

Ul          43   M   d>   h    d) 

a 
5    rt tn   >. tl B   C!   in   v   en   o   H 

9 gs ^y IHsefl 

o 

td +J m 
5 I td -H 
o I e si 
U a> v ^ 
+* 0» 43 ^H 
U > -M cd 
0) td cd a 

U) ■H 

u 
g n 2 U 1 w 

>M +J « q 
u > <H o ■H td 

£    U   <H    W 

o  CJ v a ö  o > 

8 
u 

■M (0  "M td * 
+J 

a> «i s «H •H   T>    cst IH 
a  c  ü (ft 

td <H    bfi  d) 
0J 
it 

Si 
ID  »-)   O 

-M ^ 
O 13  +j 

+J v -^ a Ä 
43   CO   -H 

IH M n 

1) ^ 
si, 

s " •M 
A ö ^ ■o s 3 Pi    tt> 

ft -Ö g m «M -a s 0) 

(d i o 0) rrt 0 
td CD  Ü IH o r-H 3 ft 

«H +> ä 1 H fi 3   in a 
3 +J 11 n 01 

i-H       " c fl m 
0) o «J  Tj* SH 

1 
T-t > td 

H ,-( o   -M ■H 

a .£   rH    O rfl en d) 
y ■*J »H a 

cd to cS 
td »M 

td di +J 

si ose td ■n *J <1) M 

ft > g > X -rt   -H ■a 
o •r-,  h ■H A S^ ■-H 3 

+J (Tl cd 
T) 3 a: cd ai ■o d   cd t> 

^H »i 
o ^i o        < VI J: 0) 
^ | > 

H  <  t) 
m a> 

j           §   s o .s a ^ a 
en ,8 !  ie 

So- 

H -3 I 

•s s 
m   O   a)  -M   a   (fl •-* 

3   0)   r3   o   o  «   ^ 

>   g «M   bo <D 43 

■H   o   u -a ^  ^  h 
^1   i-H 

r1 y >    IH 

Ü   i-H 
rH    ^H 43 a> w d>   o 

m -H 01    O 
■M 

g  o ^ td 
rH S fr a s s td 

01      • 

s e m ■M ■a d +J 

to O H a 

li A  T3 fc o ja 
3   Ul 

u a 
3   o 

** a O ■c 3   en 
. u HH S | d   3 ™ s to * •M a S 

ai o 
cd 

-H d> A  aj *   ro 
Ü 1 -H M    U 
ä ci   C ■M a h 

äs ■rl 

ö O   V 
iH P~, ■H    H ■o 

■H   -rt 

cd   tu XJ cd   td 
to P< "i 0) ■H     01 

J3    X   d)   M 

i^ g-J J 

Ü 

m 

o 



UNCLASSIFIED 

. 

i 

\ 
\ 

UNCLASSIFIED 

• 


